FINITE-DIMENSIONAL POINTED OR COPOINTED HOPE 
ALGEBRAS OVER AFFINE RACKS 



AGUSTIN GARCIA IGLESIAS AND CRISTIAN VAY 

Abstract. We study the copointed, respectively pointed, liftings of 
Nichols algebras associated to afHne racks and constant cocycle over 
k*^, respectively kG, for any finite group G admitting a principal YD- 
realization of the rack. In the copointed case we complete the classi- 
fication for the four afhne racks whose Nichols algebra is known to be 
of finite dimension. In the pointed case our method allows us to finish 
three of them. In all of the cases the Hopf algebras obtained turn out to 
be cocycle deformations of their associated graded Hopf algebras. All of 
them are new examples of finite-dimensional copointed or pointed Hopf 
algebras over non-abelian groups. 



1. Introduction 

Let k be an algebraically closed field of characteristic zero and let H be 
a semisimple Hopf algebra over k. This work is in the framework of the 
classification of finite-dimensional Hopf algebras whose coradical is a Hopf 
subalgebra isomorphic to H. Let be the family of such Hopf algebras. 
This problem has two interrelated sub-problems: 

• To determine all V € //3^2? such that the Nichols algebra is 
finite-dimensional and give a presentation of ^(V). 

• To classify the lifting Hopf algebras of ^{V) over H. 

If A G is generated in degree one, then yl is a lifting of a Nichols algebra 
over its corradical. It was conjectured that this holds when H is a group 
algebra |ASlj . These three steps compose the Lifting Method of |AS3j . 

First defined by Nichols, and also called quantum symmetric algebras, 
Nichols algebras are determined by a profound combinatorial behavior which 
is no yet fully understood. They are not Hopf algebras in the usual sense, 
but rather Hopf algebras in the category of Yetter-Drinfeld modules ^yi^- 

Let G be a group. If H = kG and G is abelian, all V G ^G^^ ^i*^ 
dim*B(y) < oo have been determined in [H] and the presentation of 
together with a positive answer to the conjecture in |AS1] were given in 
\A1\ \A2\ . If G is non-abelian, it has been shown that for many (simple) 
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groups most V G ^^3^^ yield Nichols algebras of infinite dimension |AFGVl| 
IAFGV2] ■ Furthermore, only a few examples of finite-dimensional Nichols 
algebras are known, see below. Up to date, it is very complicated to find 
the relations defining the Nichols algebras and to compute their dimension, 
even using the computer, see |G2j . Notice that Nichols algebras in 
and k(^3^^^ coincide since these categories are braided equivalent, see 12.21 

Recall that the Hopf algebras in 5kG are called pointed, while those in 

are called copointed, cf. |AVlj . 
The most prominent result in the classification of Hopf algebras is in |AS3j 
where the pointed Hopf algebras over an abelian group of order coprime 
with 210 are classified. The classification of nontrivial, i.e. different from 
group algebras, pointed Hopf algebras over non-abelian group is known for: 
§3 |AHSj , §4 |GGj and Il>4t |FG)i . In the copointed case the classification is 
known only for S3 |AVlj . The Hopf algebras obtained in the above results are 
all liftings of Nichols algebras over their corradical and cocycle deformations 
of each oth er [NMI IFGI EV2l iGlMl iGaM] . 

Also, in [CDMMj the liftings of the quantum line over four families of 



nontrivial semisimple Hopf algebras are classified, and in ArM§| another 
approach for lifting problem is proposed. 

Nichols algebras of finite-dimension over non-abelian groups appear asso- 
ciated to racks and 2-cocycles, see [AG2j . It is worth mentioning that racks 
appear also in the calculus of knot invar iants [GT]. Next, we list all pairs 
of non-abelian indecomposable racks and cocycles whose associated Nichols 
algebras are known to be finite-dimensional. 

(1) Racks of the conjugacy classes of m-cycles in S„: 

• The rack O2 and constant 2-cocycle —1, n = 3,4,5. 

• The rack and a non-constant 2-cocycle X) = 4, 5. 

• The rack Of and constant 2-cocycle —1. 

Their Nichols algebras were studied in \M.S\ IFKj for n = 3 |AG2j for n = 4 
and n = 5 with constant 2-cocycle and |GGj for n = 5 and non-constant 
2-cocycle. In jV] it is shown that the Nichols algebras associated to O2 with 
constant and non-constant 2-cocycle are twist equivalent. All of these racks 
can be realized over the symmetric groups and their duals. The families 
and 5^§4 were classified in |AHS1 IGG| respectively, and ^^s^ in |AVlj . 

(2) The affine racks: 

• (F3,2) (which is actually isomorphic to O2), (F4,ti;), (F5,2) and 
(F7,3) with constant 2-cocycle -1 (MSj IGTI lli;2] . 

• (F4,c<;) and a non-constant 2-cocycle ^ |HLV| with Qi a third root of 
1 for i € F4. 



Also they have been classified the cases A„, n > 5, and most simple sporadic groups 
but all turn out to be group algebras [AFGVll rrFGV2l IFV] . 
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The aim of this work is to study both the pointed and copointed hfting 
of the Nichols algebras associated to affine racks (Ff,, N) and constant 2- 
cocycle -1. In this case no liftings are known, apart from the case (F3,2), 
see |AG3t Theorem 3.8]. In [AAMGV] a general strategy to classify the 
family is developed. We adapt the ideas there to compute the pointed, 
and copointed, liftings of these Nichols algebras over any group G. We also 
give results which apply to other racks. 

Here it is our main result in the pointed case. The generation in degree 
one was proved in |AG31 Theorem 2.1]. 

Main Theorem 1. Let G be a finite group. The pointed H op f algebras over 
G whose infinitesimal braiding is a principal YD-realization of an affine rack 
X and constant 2-cocycle q = —1 are classified by 

• TheoremlMl if X = (¥3,2). 

• TheoremlKM if X = (F4,a;). 

• Theorem\54\ if X = {¥5,2). 

All of these liftings are cocycle deformations of ^{X)^'kG. □ 

The first item is already in |AG3l Theorem 3.8], without the statement 
about cocycle deformations. It is important to remark that in some of these 
new examples, some of the relations are not only deformed by elements in the 
coradical, but also by elements in higher terms of the coradical filtration. 
This phenomenon is quite new, and was only present previously in some 
deformations in [Hej for the abelian case. 

Since the Nichols algebra only depends of the braiding, the generation in 
degree one for the copointed case follows from |AG3t Theorem 2.1]. 

Main Theorem 2. Let G be a finite group. The copointed Hopf alge- 
bras over k'-' whose infinitesimal braiding is a principal YD-realization of an 
affine rack X and constant 2-cocycle q = —1 are classified by 

• Theorem\4^ if X = {¥3,2). 

• Theorem\J^ if X = {¥^,00), {¥5,2) or (¥7,3). 

All of these liftings are cocycle deformations of ^{X)jfkP . □ 

We explicitly define biGalois objects to prove the last assertion. These 
liftings are new examples of Hopf algebras. 

The Hopf algebras found are presented as quotients of bosonizations of 
tensor algebras. Hence the greatest obstacle to achieve our principal results 
is to show that these quotients have the right dimension, or just to show 
that they are nonzero. The same issue is present in the rest of the works 
cited above. We are able to avoid this obstacle by showing that the quotient 
is a cocycle deformation, as proposed in [AAMGV] . However, some very 
complicated computation is necessary at an intermediate step and we are 
forced to appeal to computer program [GAP] and the package |GBNP| . 
However, we find that the computer is not always enough and some examples 
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cannot be attacked with this method. The same computational impediment 
is present in the calculation of Nichols algebras themselves. Hence, new 
tools are required to attack these problems, such as representation theory 
as in [M ^ lGG l lFG]. 

The paper is organized as follows: In Section 2 we give the correspondence 
between Nichols algebras in braided equivalent categories of Yetter-Drinfeld 
modules. We recall the notions of Yetter-Drinfeld realization of a rack over 
a group and introduce the particular case of an affine realization, in order to 
give concrete examples of groups for the racks we will be working with. We 
also fix some notation and recall the presentation of the Nichols algebras 
associated to the affine racks. In Section 3 we go through the ideas in 
[AAMGV] and adapt them to prove new results that apply in our setting. 
Finally, in Sections 4 and 5 we apply these results to compute all the liftings 
of the Nichols algebras associated to the affine racks in consideration. We 
also include an Appendix with the ideas behind some of the computations. 

Acknowledgments. We thank Nicolas Andruskiewitsch for suggesting us 
this problem and the many useful comments he shared with us in previous 
versions of this work. We also thank Ivan Angiono and Leandro Vendramm 
for very useful discussions. In particular, the idea for computing coprod- 
ucts with [GAP] came up in conversations with L. V. Also, A. G. I. spe- 
cially thanks Giovanna Carnovale from the Universita degli Studi di Padova 
where part of his work was done for her warm hospitality and help. We are 
also indebted to Martin Mombelli, for sharing his knowledge about braided 
categories with us. 

2. Preliminaries 

2.1. Conventions and Notation. We work over an algebraically closed 
field k of characteristic zero; k* := k \ {0}. F" denotes the projective space 
of k""''"'^. If X is a set, then kX denotes the free vector space over X. If A 
is an algebra and X G A, then {X) is the two-sided ideal generated by X. 

Let G be a finite group. We denote by e the identity element of G, by kG 
its group algebra and by k*^ the function algebra on G. The usual basis of 
kG is {g : g G G} and {5g : g ^ G} is its dual basis in k*^, i.e. dg{h) = 5g^h 
for all g,h £ G. If M is a k'^-module and g G G, the isotypic component 
of weight g is M[g] = 6g ■ M. We write suppM = {g £ G : M[g] ^ 0} 
and = (Bg^eM[g]. The symmetric group in ti letters is denoted by Sy^; 
sgn : ^ Z2 denotes the morphism given by the sign. 

If is a Hopf algebra, then A, e, S denote respectively the comulti- 
plication, the counit and the antipode. We use Sweedler notation for co- 
multiplication and coaction but dropping the summation symbol. We de- 
note by {Hi}i>Q the coradical filtration of H and hy gic H = ©„>ogr"if = 
Q)n>oHn/ Hn-i the associated graded Hopf algebra of H with H^i = 0. 
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2.1.1. Galois objects. Let H he a. Hopf algebra, A a left comodule algebra 
and C = A C H. A is called a left iJ-Galois extension of C if the map 

can : A A ^ H <Si A, a(8)6i-^ '^(-i) ^ '^(0)^ 

is a bijection. We will consider //-Galois extensions over the base field 
k, which are called (left) i/-Galois objects. Analogously, right ff-Galois 
objects are defined. Let L be another Hopf algebra. An {H, L)-bicomodule 
algebra is an (H, L)-biGalois object if it is a bicomodule which is both a left 
-ff-Galois object and a right L-Galois object. 

2.2. Nichols algebras. From now C denotes a category of (left, right or 
left-right) Yetter-Drinfeld modules over a finite-dimensional Hopf algebra 
H. Then C is a braided monoidal category. Let c be the canonical braiding 
of C. See e. g. [K] for details about braided monoidal categories. 

U V G C, the tensor algebra T{V) is an algebra in C. As C is braided, 
(m (8) m) o (id (8>c id) defines an algebra structure in T{V) ^ T{V). Hence 
T{V) is a Hopf algebra in C extending the next maps to algebra morphisms 

A{v) = v®l + l(S>v, e{v) = and S{v) = —v, v G V. 

Definition 2.1. The Nichols algebra of F € C is «B(y) = T{V) /J{V) where 
J'i^) = ©n^"(^) largest Hopf ideal generated by homogeneous 

elements of degree > 2. A pre-Nichols algebra R = T{V)/I is a graded Hopf 
algebra in C such that / C JiV). In particular, ^(F) = T(y)/Jk{V) with 
J^{V) = (0t2^'(^)) is a pre-Nichols algebra. 

Let j4 be a Hopf algebra such that gr A is isomorphic to the bosonization 
^(y)^H . In this case V G ^yT^ is called the infinitesimal braiding of A 
and A is said to be a lifting of 5S(y) over H. 

We recall another characterization of J{y), see e. g. |AGll IAS2j . Let 
B„ be the Braid group. It is generated by {cj : 1 < i < n} subject to the 
relations aiaij^icri = cjj+icrjcrj+i and a^aj = GjCTi for all 1 < i < n and j such 
that \i — j\ > 1. The projection B„ — » §„, ai (ii + 1), 1 < i < n, admits 
a set-theoretical section s : S„ — > B„ defined hy s{ii + 1) = ai, 1 < i < n, 
and s(t) = (Tj^ • • ■ crj^, if r = {ii ii + 1) • • • {i£ i£ + 1) with £ minimum. It is 
known as the Matsumoto section. The quantum symmetrizer is the element 

Sn = s{t) G kB„. 

tG§„ 

Fix n G N, B„ acts on via the asignment i-^ Cj,i+i, 1 < i < n, where 
Cj^i+i : y®" — > y®" is the morphism 

id ® c (g) id : V^'-^ (g) (g) y®"-*-i — y 1/®2 ^ y^n-i-i^ 

Then the homogeneous components of JiV) are given by 

J^*^(T/) =kerSfc, A: G N. 
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2.2.1. Correspondence between Nichols algebras in braided equivalent cate- 
gories. Let H' be a finite-dimensional Hopf algebra, C be a category of 
Yetter-Drinfeld modules over H' . Assume there is a functor {F,r]) : C ^ C 
of braided monoidal categories; thus F : C — >■ C is a functor and r/ : (8)oF^ — > 
-F o (g) is a natural isomorphism such that the next diagrams commute: 



(1) F{U) F{V) ^ F{W) 

id CSn? 

F{U)0F{V^W) - 



F{U®V)®F{W) 



F{U®V0W), 



(2) F{U)0F{V)^^^^^^^^^^F{V)(S)F{U) 



■n 



V 



F{U ^ V) F{V ® U), 

F{cu,v) 

for each U,V,W G C. Fix V £ C. For m, n G N let T]m,n = rjyismyisn and 
Vn = Vn-iAVn-2,1 ^ id) • • • (r/2,1 C3 id)(7? C5 id) : F(y)^" F(y®"). 
By abuse of notation, we still write r] = r]i^i = 7]2- By ([1]), it holds that 
(3) 

Note that B„ acts on ^(y®") via i— ?• F{ci^i+i). Then the commutative 
diagram ([2]) implies that r] is an isomorphism of B2-modules. Moreover, 
combining ([1]) and ^ with the fact that r/ is a natural isomorphism, we 
obtain that : F{V)'^^ — > i^(y^"-) is an isomorphism of B„-modules in 
C. As consequence we have the next correspondence theorem. 

Theorem 2.2. Assume {F, ij) : C —?■ C is exact. Let V £ C with dim V < oo. 
The ideals defining the Nichols algebras ^{V) and ^{FiV)) are related by 

J"(F(F)) = r?-iF( J"(y)) for all n G N. 

If F preserves dimensions, then dim!B"(y) = dim*B"(-F(y)) for all n G N. 

Proof. Recah that J"(F(F)) is the kernel of S„ acting on F(l^)®", n G N. 
Since F is exact and r/„, is an isomorphism, the theorem follows. □ 

We can apply the above to the categories ^y^) and |Jl3^P. In fact, by 
|AGlt Proposition 2.2.1] they are braided equivalent monoidal categories via 
the functor {F, rj) defined as follows: FiV) = V as vector space, 

/ • u = (/,5(t>(„i)))f(o), 6{v) = fi^S~^{hi)v and 

7] : F{V) (g) F{W) I — > F{V (S>W), v (S> w ^ 'W(^_i)V ^^(o) 

for every V,W e h^^^ f ^ ^* ^ v € V, w £ W. Here {hi} and {fi} are 
dual bases of H and H* . 
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Lemma 2.3. Let V E fi™i(^ dimension. 

(a) // M C 1/®" in ^yV, then 

(b) (r?-iF(M)) = E™,fc(Wn+fc)-^i^(^^™ ^ M » 

(c) // = 0„iV™ C T{V) in ^yV and we consider M C T{V)/{N), 
then Vn'F{M) = Vn'F(M) %n T{F{V)) / {^^'q;;,^ F{N^)) . 

Proof, (a) Let x G F®™, r G M and y € F®^. By ([SD, there exist x' € F®"", 
r' G M and y' € V^®*^ such that {r]m+n+k)~'^ {x ® r ® y) = r]~^^{x') 'S)r]~^{r') 
%^{y'). Also by P, there exist x" G F®"*, r" G M and y" G F®*^ such that 
r]m+n+k{x^r(g)y) = x" (^r"®y". Since {r]m+n+k)fyi^m(^M®V®>' injective 
morphisms the statement follows, (b) and (c) are straightforward. □ 

Next theorem is a consequence of item (a) above. Item (c) is useful to 
find deformations of Nichols algebras. 

Theorem 2.4. Assume J{V) is generated by M = 0„ Af" G ^y^- "^^^^ 

(a) ©„??r^^i^(M") G f,yV generates J{F{V)). 

(b) JkiFiv)) = iei.vr'm'iv))). □ 

2.3. Principal YD-realization of a rack. Recall that a rack is a set X 
with a binary operation > : X x X ^ X satisfying certain axioms and a 
2-cocycle is a function g : X x X — > k* compatible with >, see |AG2j . 

A principal YD-realization of (X, g) over a finite group G \AG2>\ Definition 
3.2] is a collection (•, (7, {xi)i&x) where 

• • is an action of G on X; 

• g : X ^ G IS a, function such that gh.i = hgih~^ and gi ■ j = i> j] 

• {Xi}i£X is a 1-cocycle - that is a family of maps ^ — > 
such that Xi{h£) = Xt-i{h)Xi{t) for all z G X, /i, t G G - satisfying 
Xi(5i) = 9ii for all i,j £ X, he G. 

We will assume that all realizations are faithful, that is, g is injective. 

These data induce a structure onV = kjxjjigx of Yetter-Drinfeld module 
over G |AG3j . Namely, the action and coaction are 

(5) t-Xi = Xi{i)xt-i and \{xi) = gi®Xi, t £ G,i £ X. 
Then the smash product Hopf algebra T{V)i^kG satisfies 

(6) txi = Xi{t)xt.it, and A{xi) = x j ® 1 + y^ (g) Xj , t £ G,i £ X. 

We denote by V{X,q) this object, T{X,q) its tensor algebra and *B(X, g), 
J{X,q), the corresponding Nichols algebra and its defining ideal; we omit 
the 2-cocycle q when there is no place for confusion. 

We also denote by V{X, q) the object in ]^g3^^ obtained by ([3]), that is: 

(7) dt ■ Xi = 5^ g^iXi and A(xj) = ^ Xi(*~^)<Jt ® a^t-i-ii t£G,i£X. 
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Then the smash product Hopf algebra T(X, q)^k^ satisfies Vt G G, i G X 

(8) 6tXi = XiSg.t and Ajxj) = (g) 1 + Xi{t~^)^t Xt-i.j. 

t£G 

To find all the groups G supporting a principal YD-realization of {X, q) 
presents hard computational aspects |AG31 Section 3], see v. g. Lemma 12.51 
(c) below. A possible approach is the following. Let F{X) be the free group 
generated by {^ijiex- The enveloping group Gx of X, see |EGt IJ] . is 

(9) Gx = F{X)/{gigj - gi^jgi : i,j e X), 

For i € X , let : X ^ X he the application given by = i \> j , j G X. 
The group generated by {(j)i}i£x is denoted Inn> X, it is a subgroup of the 
group of rack automorphism Aut> X. 

If X is finite and indecomposable, then the order n of 0j does not depend 
on i € X and is called the degree of the rack, see |HLVl Definition 2.18], also 
[GHV] . Thus, there is a series of finite versions of Gx, given by 

G^ = Gx/(<7f",ieX), ken. 

Gx is denoted by Gx and called the finite enveloping group of X in [HLVj . 

Lemma 2.5. Let X be a faithful and indecomposable rack and q a 2-cocycle. 
Let (•, 5, {xi}iex) be a principal YD-realization of {X,q) over a finite group 
G and K C G the subgroup generated by {gi, i £ X}. Then 

(a) There exists r € N such that K is a quotient of G^ ■ 

(b) K is normal. Then G fits an exact sequence e^K^G^H^e 
for some group H . 

(c) |AG31 Lemma 3.3(c)] G acts by rack automorphisms on X . 

(d) |AG31 Lemma 3.3(d)] If q is constant, then there exists a multiplica- 
tive character XG ■ G k* such that Xi = XG for all i € G. 

Proof, (jaj) Pick i € X and set r = oYd{gi). As X is indecomposable, r does 
not depend on i X. As X is faithful, the map g : X ^ G is injective and 
thus we have an epimorphism F(X) — > K. Since the relations defining G^ 
are satisfied in K, the epimorphism factorizes through G^- © is clear. □ 

2.4. AfRne racks. Let A be an abelian group and T € Autvl. An affine 
rack {A,T),see [^^2] , is the set A with a > 6 = r(6) + (id -T) (a) V a, 6 G A. 

Next, we define a principal YD-realization for {A,T) and a constant 2- 
cocycle. Let C„ be the cyclic group of order n G N generated by t. If ord T 
divides n, then A xt C*™ is the semidirect product of A and C„ with respect 
to T where t ■ a = T{a) for a £ A. Let ^ be a primitive root of 1 and 
i = [ordT, ord(^)] be the minimum common multiple of ordT and ord^. 

Proposition 2.6. Let < k < m £ N. Consider the affine rack X = {A, T) 
and constant 2-cocycle ^. Let 

• g : A ^ A >it G^e be the map a ga = a x 

• ■ : (A yirGme) x A ^ A be the assignment h-a = b, if ad{h)ga = gt! 
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• Xa ■ A>st Cme be the map Xa{b x t"^) = , for a,b e A, s eN. 

Then {g, {Xa)aeA) is a faithful Yetter-Drinfeld realization of (X,^) over 
A XiT Cmi- This is the {m,k)-affine realization of {A,T). 

Proof. Clearly, g is injective. We show that this is indeed a faithful realiza- 
tion. If h = a X t^ E A xiT Cm£ and b G A, then hgi,h~^ = ((id— T)(a) + 
T^{b)) X Thus the action • is well defined since the image of g is a 

conjugacy class and ga ■ b = a \> b. Since Xa = Xft is a group morphism for 
a,b G A, the family {xa} is a 1-cocycle. Also Xa{gh) = for a,b G A. □ 

2.5. The afRne racks (Ffc,A^) and their Nichols algebras. F;, denotes 
the finite field of b elements and the automorphism is the multiplication by 
G F^, denoted by N again. (F^, A^) is faithful and indecomposable. Also, 

(10) Inn^(Ffe, AT) = Ffe xjv C,,an = Aut>(Ffe, A^), 

the first equality is easy; the second one is by |AG21 Corollary 1.25]. 

Notice that ((F^, A^), —1) satisfies the hypothesis of Lemma [2.5l p|: recall 
from there the definition of the multiplicative character XG : G — )• k*. 

Lemma 2.7. Let G be a group and X = {gi : z G F;,} C G 6e a subrack 
isomorphic to an affine rack {¥iy,N), N ^ 1. Then 

(a) gf / gj and gigj ^ e \/i ^ j e X , £ £ N. 

(b) gf / e Vi G a:, ifordN^i. 

If{X,—l) admits a principal YD-realization {g,-,XG) overG, then 

(c) the product of an even number of gf^ is not a product of an odd 
number of gf^ . 

(d) {xg\k)'^ = ^> where K C G is the subgroup generated by X . 

Proof. ja])-()b]) Let i,j G F;, with i ^ j. We show that if an equality holds 
then gi = gj. Notice that gigj = gi^jgi for ah i,j G F^,. If gj = gf, then gj = 
9i{9i)gr^ = gigjgi^ = gi>j but j ^it>j. if e = gigj = gi{gigj)g~^ = gigit>j, 
then gj = gi^j but j ^i\>j. If e = gf, then g^ = gfgj = g^t(^j)gf = g^i{^j) but 
j 7^ 4>{{j)- (c) Apply the multiplicative character XG- (d) is immediate. □ 

The list of all known affine racks and 2-cocycles whose Nichols algebras 
are finite are (F3,2), (F4,c<;), (F5,2) and (F7,3), all with constant 2-cocycle 
— 1 and (F4,a;) with a non-constant cocycle. See jG2j . also jHLVj . 

2.5.1. The Nichols algebra 5S(F3, 2). The ideal J{¥^, 2) is generated by 

(11) xj, XiXj + X2j-iXi + XjX2j-i, i,j G F3. 

This Nichols algebra has dimension 12 and was computed in pSllFK] . 
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2.5.2. The Nichols algebra ^{¥4, uj). Let a; G F4 be such that w^+w + l = 0. 
J{¥4,u!) is generated by ^;(4,tj,-i) := (x^xixo)"^ + {xixqXui)'^ + (xqXuiXi)'^ and 

(12) x^, + 2;(Lj+i)i+i^jr-2;i + Vi,jsF4. 

This Nichols algebra was computed in |Glj : dim *B(F4, tj) = 2^ x 3^ = 72. 

2.5.3. The Nichols algebra 5S(F5,2). The ideal J(F5,2) is generated by 
^(5,2,-1) := {xixof + (xoxi)^ and 

(13) x'^, XiXj + X_i+2jXi + X3i_2jX-i+2j + XjXzi-2j Vi,i S F5. 

This Nichols algebra was computed in dim«B(F5,2) = 5 x 4"^ = 1280. 

2.5.4. The Nichols algebra *B(F7,3). The ideal ^(F7,3) is generated by 
^(7,3,-1) := {x2XiX()f + {xiXoX2)'^ + {xoX2Xif and 

(14) xj, XiXj + X_2i+3jXi + XjX-2i+3j ^hj ^ ^7- 

This Nichols algebra was computed in [G2]; dim<B(F7, 3) = 7 x 6^ = 326592. 

2.5.5. The Nichols algebra of (F4,ti;) and non-constant cocycle. Set X = 
(F4,a;) and let 1 ^ G k be such that = 1. Then X admits the 2-cocycle 



(15) C = (OjOijGX 
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The Nichols algebra 55 (X, see |HLV1 Proposition 7.9], has dimension 5184 
and its ideal of relations is generated by Xq, xf, xj, x^2, 

XqXi + C XqX^ + C 

C'^XlXo -S,XoX^2 - X^2Xi, S,"^ X^Xl +S,XiX^2 + X^2X^, 

plus an extra degree six relation 

._ 2 2, 2, 22, 22,22 

^{4:,uiX) ' — '^O'^^l'^'^'^l •^O-^l-^Loi'^l'^O ~r XiX^X^Xq -\- X^X^XqXi -f- X^XqXiXi^ 

2 2 2 

-\- X\XqX\X^X\ -\- X\X^X\XqX^ -\- X^X\XqX\XqX^ -\- X^XyXqX^Xq. 

2.6. Results on z^^j^jq^^y For the rest of the section, {X,q) will be either 
one of the racks (F4,a;), (F5,2) or (F7,3) with constant 2-cocycle g = — 1 or 
else the rack (F4, w) with non-constant cocycle q = Q, and (•,5, {xi}i&x) will 
be a principal YD-realization of (X, q) over a finite group G. Let K be the 
subgroup generated by {gi}i^x and z = z^h^^^q) be the top degree defining 
relation in each Nichols algebra in 12.51 

Fix n = 2 or n = 3 according to whether the cocycle is constant or not. 
Let 7r„ : T{X, q) 5S„(X, q) be the natural projection. 

Lemma 2.8. The class of z is central in 5S„(X, g). 

Proof. We check it using |GAP] together with the package |GBNP] . □ 
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Lemma 2.9. There is a multiplicative character Xz '■ G k* such that 

(16) t ■ TTniz) = Xz{t) T^niz) ^ t ^ G and Xz\K = ^ ■ 

Moreover, if q is the constant 2-cocycle —1, then Xz = Xg^^ ■ 

Proof. The ideal of relations of ^{X,q) is generated by z and elements 
of degree two (and possibly three). Then the G-submodule of ^n{X,q) 
generated by 7r„(z) is one-dimensional, let Xz '■ G ^ k* he its associated 
character. By Lemma [2.5l f[ci). G acts by rack automorphisms on (F^, N). Let 
t be the automorphism defined hy t € G and 2{K) be the center of K. By 
[^G2l Lemma L9 (2)] and ([lOD, K/Z{K) = lnn^{¥b,N) = F,, Xat CordTV = 
Aut>(F5, A^). Thus there is a character A : Aut|>(Ff„iV) k* such that 

Xz{tyn{z) = t ■ TTniz) = Xz{t)X{t) Vr„(2;), 

where Xz is given by the 1-cocycle {xi}iex- It is easy to check that Xz\K = ^• 
In particular, if q is the constant 2-cocycle —1, then Xz = Xq^^ ■ Therefore, 
to finish we have to prove that X = e. Let M = {G ■ z) C T{X, q). 
Case (F4,a;). Let O = {{to 10), {1 uj uj'^), {01 u'^), {Ou'^ u)} C F| and 

for {a be) € O. Then z = A(^io) ^ = {Xa)aeo- Let Y = Xlo-eO -^^^ 
C = {X^-Xr:a,T €0). Then M = C ®kY is a sum of simple F4 x^; C3- 
submodules. Thus it2{C) = and 7r2(M) ~ kY as F4 xi^^ Ca-modules. 
Case (F5,2). Here z = (xiXq)^ + (xoxi)^. By ([TSD, it holds that 

7r2((xoX2)^) = vr2(-3;o(2;3X2 + X1X3 + xoXi)x2) = vr2(-xoXia;3X2) and 

7r2((2;22;o)^) = 1T2i{xiXo)^ + (xoXi)^ + X0X1X3X2). 

Hence vr2((x2Xo)^ + (2:0X2)^) = 7r2(z) and thus (0 x t) • 7r2(z) = 7r2(2;). Since 
(0 X t){l X 1) = (2 X 1)(0 X t) in F5 X2 C4 = ((0 x t), (1 x 1)), 7r2(M) is the 
trivial F5 X2 C4-module. 

Cases (F7,3) and ((F4, w), (^). In both cases, (0 x t) •7r„(z) = '/r„(z), using 
[GAPIIgMp] . Then the result follows as above. □ 

2.7. The Nichols algebras ^{X,q) in ^gJ^X*. For each {X,q) as above, 
consider the object V{X,q) G as in ([7]). We give a set of generators 

for the ideals that define its Nichols algebra 5S(X, q) (as an object in ^yV). 

Proposition 2.10. (a) The ideal J7(F3,2) is generated by ([TT]) . 

(b) The ideal J'{¥4,uj) is generated by 

(I12f ) xf, XjXj + + ^(a;+l)i+a;j^j5 ^5 7^1^4 

and ^^(4^^ _i) := (x^Xj^2Xo)^ + (xix^2X^)2 + (xox^2Xi)2. 

(c) The ideal J'(F5,2) is generated by 

(US) 2;f, XjXi + XiX_i+2j + X_i+2jX3i_2j + X3i_2jXj, ijGW^ 

and z'^g 2 -1) •= 2:0X2X3X1 + xiX4X3Xo. 
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(d) The ideal J(¥-j,Z) is generated by 

(O) xf, XjXi + XiX-2i+3j + X-2i+3jXj, iJ&^Y 

and z'fj _X) '■— X2X^Xi^X2X^XQ + X\XXyX2X-iXQX2 + Xi^X^Xi^X^X^Xx . 

(e) The ideal J{X,Q is generated by Xq, xf, xj, x^2, 

^Xi^Xl XqXi^ ^ XiXq, ^X^2Xi^ XqX^2 ^ X^^Xq, 

^x^2Xq - xix^2 + ^"^xqXi, (,x^2Xi + x^x^2 + ^"^xiXuj and 

I _ 2 2, 2, 22,22 22 

^(4,ti;,C) XqX^2XqXi -\- XQXf^XQX^2XQ -\- XiXqX^Xq + X^^X^2X^^Xl — XiX^XqX^ 

2 2 2 

-\~X\X ^2Xi^X^2X\ -\- X\X(}XuX^2Xu X^X^2X(jXyX^2Xu ~t~ X[^X ^2X^X\X(} . 

Proof. Apply the functor (F, rf) given by and use Theorem 12.41 □ 

Lemma 2.11. Let z' = -^l^^g)- Then 7r„(z') is central in '^n{X,q) and it 
holds that 7r„(z')(_i) (g) 7r„(z')(o) = xl"" ® T^niz')- 

Proof. Let G G be such that (2)(_i) ® (•z)(o) = tz ® z. Then tz = 
e € Inn>(Fb,A^). By Lemma [2.81 and Theorem 12.41 fb]). /^^"'^(xjZ — zxj) G 
Jn{F{y)) for ah f G F,,. As z' = Ve^iz), by ([3]) and LemmaES 7r„r?7^(xiZ- 
zxi) = TTnix^-i^-z' — z'xi) = TTn{xiz' — z' Xi) 1. c. TTniz') IS Central in *B„,(X, g). 
The coaction on z' in j^G3^^ follows from Lemma [2.3l (fcl) and Lemma [2. 9 1 □ 

Remarks 2.12. (a) The element TTn{z) is primitive in !B„(X, g) and thus 
A(7r„(2:)) = TTniz) ® 1 + tz ® T^n{z) in g)#lk:G. The same holds for 

-Kniz') G g)#Ik*^ with instead of tz, by Lemma [2.111 

(b) Let H = kG, resp. k^. Set H = ^{¥b, N )#H , W = €n{¥b,N)#H. 
By (a) and Lemma ESI resp. [2TT| [AAMGVl Lemma 6.3] states that the 
algebra of coinvariants ^Ti' is the polynomial algebra k[zt~-^], resp. k[z'x2]- 

3. Lifting Hopf algebras 

This section is based on |AAMGV] . Let -ff be a finite dimensional semisim- 
ple Hopf algebra and A be a Hopf algebra whose coradical is a Hopf sub- 
algebra isomorphic to H. Then |AVll Proposition 2.4] asserts that A is a 
lifting of a Nichols algebra over H if and only if there is a lifting map 

<j) : T{y)^H — )• A, that is an epimorphism of Hopf algebras such that 

(17) (t)\H = id, (t^\v#H is injective and © V)#H) = Ai, 

where Ai is the first term of the coradical filtration; we denote by pn '■ 
Ai ^ H and pv#H '■ ~^ ^H^H the projections given by the isomorphism 
4'\{Il®V)#h ■ Thus Ai G via the adjoint action and coaction (p//(g)id)A. 

li h £ H and x (^V, then 

h(p{x) = (f){h(^iy x)h(^2) and A(<?!>(x)) = (^(x) © 1 + X(_i) (g) (/)(x(o)). 
Therefore 4>\[k,^v)#H is an isomorphism of Yetter-Drinfeld modules with Ai. 
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3.1. Lifting Hopf algebras over function algebras on finite groups. 

Let G be a finite group and V € ^^yV, dimV < oo. If {vi}, {ai} are dual 
bases of V and V*, set fji : kG k, h ^ {aj,h ■ v^) . By O, ^ G ^gJ^P via 

(18) / • v = (5(/),'(;(_i))v(o) and X{vi) = J^^^^ifji) '"j 

j 

for all / G k^, f e y. This definition is independent of the basis {vi}. We 
say that {cij := S~^{fji)} is the comatrix basis associated to V and {vi}. 

In particular, let • be an action of G on a set X and let {xi '■ G — )■ k}jgx 
be a 1-cocycle, see page [71 Then kX with basis {mi}i(zx is a G-module via 

(19) g-mi = Xi{a)mg.i for all i^X 

and the comatrix basis {qj} associated to kX and {mjjjgx is 

Cjj = ^ 5j^g.i Xi{9)^g-i for all i,j G X. 
geG 

For g G G, let Og be the conjugacy class of g, Cc{g) be the centralizer of 
g and (p, VF) be an irreducible representation of Gcig)- Then 

l^yV B M{g, p) := Indg^(^) W = kG ®Cg{9) W = Og®W 
with the left multiplication in G and the comultiplication restricted to Og. 
The M{g, pYs are ah the simple objects of l^y^^ ^^^nce also in J^gJ^X* flST] . 

By ([H]), suppM(5,p) = Og-i. If M € J^g3^P then M[e] and M>< are 
submodules of M such that M = M[e] © since ^yi^ is semisimple. 

Let ^ be a hfting of *B(y) over k*^ and (p : r(y)#k'^ ^ ^ be a lifting 
map. A Yetter-Drinfeld submodule M C T(V) is compatible with tj) if 

A(i;^)(m)) = (j){m) (8) 1 + "i(-i) "X" </'('tt-(o)) foi' S M. 

The following lemma is a particular case of [AAMGVl Lemma 5.2]. It 
helps us to describe the image (t){M). Keep in mind that (l){M^) C (/>(l/#k'^) 
and 4>{M[e]) C Ai[e]. Also, Ai[e] = k*^ if e ^ suppT/. 

Lemma 3.1. Let G, V, A and (j) be as above. Let M C T{V) be compatible 
with 4> and {cij} be the comatrix basis associated to M[e] and {mi}l^i. Then 

(a) (p\M>^ : — 7- (t>{V) is a morphism in '^y'D. 

(b) Assume that M = is a simple object in 

layD andV W^^P 
with m maximum. Then there exist Ai, . . . , € k such that 

(plM = Ai id A/ • • • A„ id A/ 00. 

Ln particular, (/)|a/ = if supp M D supp F = 0. 

(c) If e ^ supp V, then there exist ai, . . . , Or G k such that 

r 

4>{mi) = ai — cLjCij for all i = 1, . . . ,r. 
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(d) If e ^ suppy and M = M[e] with the G-action on M satisfying 
()19p . then there exist {ai)i^x S such that 

4>{'mi) = ^(oi - Xi{9)ag-i)5g~i for all i £ X. 

geG 

(e) Let Q : A ^ A' be an isomorphism of Hopf algebras and let cp' : 
T{y)ffkP A' be a lifting map. If there is no v £ V such that 
h-v = e{h)v for all h € k'^', then Q(I){V) = <t)'{V). □ 

Next lemma, a particular case of [AAMGY] Lemma 5.3], is useful to 
describe lifting Hopf algebras as quotients of r(y)^k'^. Notice that if M is 
compatible with </> and m e M, then <j){m) G (k © V)#k'^ by (fTTl) . 

Lemma 3.2. Let G, V, A and (j) be as above. Let M = 0*^^ C T{V) 
be a graded Yetter-Drinfeld submodule such that J^iV) = {M). 

(i) M* is compatible with (j) and Is = {m — (j){m))meM^ "is a Hopf ideal. 

(ii) Let s < k < t be such that , . . . are compatible with 4> and 
such that Jfc = (m — 4>{m)) ^^^k is a Hopf ideal. Assume that 

(20) A(m) -m^l- m(„i) ® m(o) € 4 ® T{V)#k'^ + T{V)#k^ h 

holds for every m G M^~^^ . Then M^~^^ is compatible with cj) and 
4+1 = - </'("^))me©'^+i ^■^ " ^"P^ ^ 

In this situation, we give a description of the lifting Hopf algebras as a 
particular case of |AAMGVl Theorem 5.4]. 

Theorem 3.3. Let G, V, A, (p and M be as in Lemma COl Assume ([20]) 
holds for every s + 1 < k < t and set I = If. Then A ~ T{V)i^k^/I. □ 

3.2. Galois objects and liftings. Let be a Hopf algebra with bijective 
antipode and let ^ be a right ?{-Galois object. There is an associated 
Hopf algebra L{'H,A) such that ^ is a (L(^, 7^), ^)-biGalois object, see 
|S2l Section 3]. L{A, TL) is a subalgebra of A®A°^. Moreover, if L is a Hopf 
algebra such that A is (L, ?^)-biGalois then L = L{A,T-L). More precisely, if 
A, Al stand for the coactions of L(^, H) and L in A, there is a Hopf algebra 
isomorphism F : L{A, %) — )• L such that Xl = (F (S> id)A and 

(21) F (^^ai(S)bi^ 0lA = ^XL{ai){l(^bi), h e L{A,n). 

Thus, one can use Galois objects to find new examples of Hopf algebras. 

In |Gul Theorems 4 &: 8], a recipe is given to construct extensions of a 
quotient Hopf algebra H' of H as quotients of extensions of H. Given 7i', if 
the Galois objects of H are known, |Guj proposes to find a chain of quotients 
Ti = H} H? — » • • • ^ HJ^ = TL' in such a way that the method could be 
easily applied on each step. 

We want to find the liftings of a Nichols algebra 53 (y) over a semisimple 
Hopf algebra H. The idea in [AAMGV] is to calculate the Galois objects of 
TL = ^{V)#H and construct the corresponding Hopf algebra L = L{A,TL) 
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for each Galois object A. Actually, we restrict to Galois objects A such that 
gr L = H. If the extension is cleft, the liftings we find in this way are cocycle 
deformations of ^{V)^H by [S2^ Theorem 3.3]. This is the case when H is 
a group algebra, that is when V. is pointed. 

Assume that the ideal J{V) defining the Nichols algebra is finitely gen- 
erated. To construct the extensions, we consider an stratification Gi, . . . ,Gk 
of J(y) [AAMGVl Subsection 6.2], see below. 

3.3. Lifting Hopf algebras over finite groups. Let X be an (indecom- 
posable) rack and q a 2-cocycle on X. Let G be a finite group and let 
{■,g, {xi}iex) be a principal YD-realization of {X,q). Let V = Ik{xj}jgx be 
the corresponding Yetter-Drinfeld module over G. 

Assume that the Nichols algebra *B(y) = T{V)/ J'iV) is finite dimen- 
sional. Set TiV) = T{V)#kG, % = *B(F)#kG. Recah from [GG] that the 
space of quadratic relations in JiV) is spanned by {6c}ce7^' where VJ is a 
subset of the set 7^ = X x X/ ~ of classes of the equivalence relation gen- 
erated by ~ {it> j,i). More precisely, if C = {(z2, ii), . . . , (i„(c) , n)}, 

then C G 71' if and only if n^i? = (-l)"^^) and 

n{C) 

(22) he := ^ VhiC) Xi^^^Xi^, 

h=l 

where r/i(C) = 1 and %(C) = (-l)^+^gi2n%i2 • • • Hhih-n h>2. 

To compute the liftings of 55 (y) over G we will make use of the Strategy 
proposed in |AAMGVl Subsection 6.5]. We briefly describe it in our setting, 
in which we will assume that the ideal J^{V) admits an stratification: 

(23) g^ = {x^: ie X}, g2 = {bc: G£ 7^'} \ {xf : i(^X},gs = {z}, 
where z is a single relation of order k > n that satisfies 

(24) A{z) - + (8)zG JniV)#kG ® TiV) + TiV) J'„(y)#kG, 

(25) Xiz - zxi G j;,(y)#kG, i € X, 

(26) t,z-zt, G JniV)i^kG, 

for some t^ G G. Set V.^ = TiV), W = W~^/{gi), 1 < i < 3. We have the 
following chain of Hopf algebra quotients: 

r(F)#kG = n^ ^ ^ ^ = 5s(i/)#kG. 

We will start from the trivial Galois object AP = T-L^ of l-L^ to recursively 
construct Galois objects of 'W' as quotients of the algebras A^~^, i > \. 
We also obtain Hopf algebras D = LiA^,W), < i < 3, each one being a 
quotient of one of the preceding, see |Gul Lemma 11]. Notice that = . 
Set Xz '• G ^ k* SkS in Lemma 12.91 We will also assume that 

(27) Qi 7^ gj and Qk / giQj, for every j, fc G X, 

(28) tz ^ gi, for every i G X. 
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Second condition in (f271) is mandatory when g = ^ € k* \ {1}; ii gk = Qigj, 

then C = q(.gk,gi) = XliOk) = Xl{gi9j) = Xl{9j)Xj>l{9i) = If C" = 1, then 
a similar argument shows that the first equation in (j27p also holds. 

Finally, we fix scalars Ai, A2, A3 G k subject to the following conditions 

(29) Ai = if xr/eVi, A2 = if XiXi / eVi, j, A3 = if / £• 

Remarks 3.4. (1) We deal with algebras presented as quotients of T{V). We 
fix the following notation. When there is no place to confusion, we will still 
denote the generators of H"" and £" by Xj, i G X, and t, t £ G. As for the 
algebras we will keep the notation t, t G for the images of the elements 
in G and denote hy Ui, i € X , the images of the elements in the basis of V. 

(2) As for the coactions, we will denote by p = /o" : A"" (8> H"' 
the right coaction and by A = A" : A^ — ?> (8) A^ the left coaction, for 

< n < 3. These will be induced by the comultiplication in T{V): 

(30) pivi) = yi (g) 1 + gi (g) Xi, p{t) = t(S)t, ieX,teG; 

(31) X{yi) = Xi (g> 1 + gi (g) yi, X{t)=t(g)t, i e X,t e G. 

(3) We fix for each n a section 7 = 7" : -)• A^ with 7|kG € Alg(kG, A), 
see |AAM(^VI Lemma 5.8]. We further identify G = 7(G) C 

Let Ai, A2 G k subject to ([29]) and let be be as in ([22]). Set 

(32) ^i(Ai) = r(y)/(yr-Ai: ieX), 

(33) A\\i,X2)=AHXi)/{bc-\2 : G€n',ii,j)eC). 

The following Lemma, an application of [AAMGVl Lemma 6.5], estab- 
lishes that ^^(Ai) 7^ in many cases of interest. As for ^^(Ai,A2), we use 
|GAPl IGBNPj to show that in the examples these algebras are nonzero. 

Lemma 3.5. If q = -1, then A^{Xi) ^ for any Ai as in (p9|) . 

Proof. Let x : G ^ k* be the character induced by the 1-cocycle {xi)iex, 
see Lemma [2. 51 Let G = G/N, where N is the (normal) subgroup generated 
by gig~^, i,j G X. Notice that x\N = ^ and thus G acts on the free algebra 
k{x) via X- Let Ax-^ be the quotient of k{x)^kG by {x — Ai). There is a 
projection of algebras ^^(Ai) ^ Ax-^ sending t t € G, t £ G, and yi i-)- x, 

1 £ X. Finally, the algebras Ax^ are nonzero by [AAMGVl Lemma 6.5]. □ 

Set also C^{Xi) = T{V)/{x'^ - Ai(l - gf) : i e X) and 

C\XuX2) = CHX,)/{bc - A2(l - g^gJ) : C G 7^^ (ij) G C). 
It is straightforward to see that these are Hopf algebra quotients of T{V). 
Proposition 3.6. Let A^ = A^{Xi), A? = A^{Xi,X2), O = C^{Xi) and 

(a) Assume A^ 7^ 0. Then A^ is a right Galois object ofH^, n = 1,2. 

(b) L(>1",?^") n = 1,2. 
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Proof, (a) follows by \Gu\ Theorem 8] applied to a suitable right coideal 
subalgebra X"'. If n = 1, we take X"' to be generated by Xig^^ for some 
i & X. If ?i = 2, this is done in several steps, one for each C G 7^', up to 
conjugacy, taking Xq as the subalgebra generated by bcg^^ ■ 

(b) It is a straightforward calculation to see that A" is a 'H")-biGalois 
object, with coactions (j30p and (j3ip . See IGIMl Theorem 7.5] for n = 2. □ 

We can now compute Galois objects for Ti. 

Proposition 3.7. Assume that A'^{Xi,X2) 7^ for some Ai,A2. Consider 
7 : 'H'^ — 7- ^^(Ai, A2) a section as in Remark \3.4\ (3). 

(a) There exists ax € ^^(Ai,A2) and A3 G k subject to (j29p such that 

A = ^(Ai, A2, A3) = A^{Xi,X2)/{z -ax- A3). 

is a Galois object ofH. 

(b) Let X : ^^(Ai,A2) — )■ £^(Ai, A2) A'^{Xi, X2) be the coaction induced 
by dan)- Then L{A,'H) ^ C^{Xi,X2,X'i) where 

C\XiA2, A3) = C\Xi, X2)/{z -sx- A3(l - t,)) 

and Sx G >C^(Ai, A2) is such that 

(34) (z-sx)®l = A(7(z))-t,®7(z). 

Proof. Set W = n^, A' = A^iXi,X2), C = C'^{Xi,X2). To find the Galois 
objects of H, we use |Gul Theorem 4]. We need to describe X = '^°^'H' 
and the morphisms in Alg^/(X, ^'). By (f25|) and ((26]) the subalgebra of 
Ti' generated by z is normal, thus Remark 12.121 (b) applies and we get 
X = k[ztj^]. On the other hand, [AAMGVl Proposition 6.4] states that 

/ G Alg^,{X,A') ^ f{zt-') = j{zt~') - X3t~' 

for A3 G k and (a) follows for ax = z — ^{z). Now, by [AAMGV] Proposition 
6.7 (i)] (7(g)7-^)A(2;) = 7(z)(8)l-t ^(g)tJ^7(^) is (1, i^)-primitive in ^0 
and then (b) follows by [AAMGVl Proposition 6.7 (ii)], applying □ 

Lemma 3.8. Let L be a lifting of^iV) over G. Then there exist Ai, A2 G k 
such that L is a quotient of C'^{Xi, X2). 

Proof. If r G GqUQi, then r is skew-primitive in T(V), thus it lies in Li. By 
(f27l) it lies in Lq; hence L is a quotient of £^(Ai, A2) for some Ai, A2 G k. □ 

Theorem 3.9. Let ^{V), G be as above, V. = ^{V)#kG. Let L be a 
Hopf algebra such that gx L = 'H. Assume that ()27p and (j28p hold and that 
^^(Ai,A2) 7^ for (Ai,A2) as in Lemma WT^ Then there exists A3 G k such 
that L = /:3(Ai, A2, A3). Hence L is a cocycle deformation ofH. 

Proof. Consider the lifting map (j) : TiV) — >■ L defined by ()17p . By Lemma 
l3.8l above. (j) factorizes through (f)' : C^{Xi, X2) L. It follows that z = z—sx 
is (1, t2)-primitive in >C^(Ai,A2) and thus (l)'{z) G Li. By ([28l) we see that 
(p'i'z) G Lq = kG and therefore there is A3 G k such that z = X^^l — tz). 
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Therefore (f) further factorizes through 93 : £(Ai, A2, A3) — » L and this is an 
isomorphism since both algebras have dimension dim*B(y)|G|. □ 

To avoid repetitions, we further normahze the scalars Ai,A2,A3 by 

(35) Ai = if 5? = 1, A2 = if g^Qj = 1, A3 = if = 1, 
and consider the set 

(36) 5x = {(Ai, A2, A3) G k^l satisfying (l29]l and (|35]l }. 

Proposition 3.10. // (Ai, A2, A3), (A'^, A'2, A'3) € Sx then C^{\i,\2,\'i) = 
/:3(a;,A^,A^) if and only if {Xi, X2, X3) = X2, X'^) in U {(0, 0, 0)}. 

Proof. Follows as \GG\ Lemma 6.1]. □ 

The results above restrict to the case in which there is no relation z as in 
([23j) that is when J^{V) admits an stratification JiV) = Qi U^2- We collect 
this information in the following Corollary. In this case we also denote 

([361) Sx = {(Ai, A2) € k^l satisfying ^ and ([35])}. 

Corollary 3.11. Let J{V) be as above. Let L be a lifting o/*B(F) over G. 

(a) There exist (Ai,A2) € Sx such that L = £^(Ai,A2). 

(b) // (Ai, A2), (A'l, A^) G Sx then >C2(Ai, A2) ^ C\X[, X'^) if and only if 
(Ai,A2) = (A'i,A'2) mPiu{(0,0)}. 

(c) //^^(Ai, A2) ^ then L is a cocycle deformation of ^{V)#kG. □ 

4. COPOINTED HOPF ALGEBRAS OVER AFFINE RACKS 

Through this section, {¥b,N) is an affine rack as in Subsection 12. 5| G 
is a finite group and {-^g^Xc) is a principal YD-realization of ((F^, A^), —1) 
over G where XG : G ^ k* is a multiplicative character, cf. Lemma 12.51 p|. 
*B(Ffc, A^) is the Nichols algebra of the Yetter-Drinfeld module ^(Fft, AT) = 
k{a;j}jg]Pj^ over k*^, recall ([7]). We give the classification of the lifting Hopf 
algebras of *B(Fb, A'') over k*^ and therefore the proof of Main Theorem 2. 

4.1. Copointed Hopf algebras over (F3,2). Recall that Inn^(F3,2) = 
§3 = Auti> (F3, 2) by (jlOp and that G acts by rack automorphisms on F(F3, 2) 
by Lemma 12.51 (jcj). This defines a group epimorphism G — > S3, t ^t. 
We consider the group r(F3^2) = k* x S3 acting on 

2t(F3, 2) = {a = (ao, ai , 02) S k"^^ : oq + ai + 02 = O} 

via (//, 0) > a = i-t{agQ, a^i, 092)- The equivalence class of a under this action 
is denoted by [a]. Given a G ^{¥3,2), we define 

fi = ^{ai - at-i.i) 6t G k^, i€ F3. 

teG 

The next definition, lemma and theorem are inspired by |AVH IAV2j . 
where the case G = S3 was considered. 
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Definition 4.1. Set Ag,[o] = 5S(F3, 2)#lk'^. Let a G 21(^3,2) and assume 
that gf = e V« G F3, we define the Hopf algebra Ad^,] = r(F3, 2)#lk'^/ Ja 
where J7a is the ideal generated by 

and the algebra JCcia] = ^(1^3, 2)#k'^/Ia where Xa is generated by 

Xj ~\~ fi flj) XiXj -\- X_j_|_2jXj + XjX_i^2ji ^ij £ F3. 

The algebras -^G,[a] and A^cja] are nonzero by the next lemma. 

Lemma 4.2. Let M = h{mt}teG be the k.'-' -module with rrit G M[t]. Then 
for all a G 21(F3,2); M is an Ac^iai-module and a ICQ [g;^-module via 



Xi ■ nit 



rUg-i^ if sgnt = -l, 



^hf^g-h ifsgnt = l. 

where Aj,t = (a^ - a^-Lj) for ^G,[a] o-n-d Xi^t = -at-i.i for /Cc [a]. 

Proof. We check that the action of /CG,[a] is well-defined; for -4^ [a] it is 
similar. Notice that sgn((7j) = —1. We start by S^Xi = x^ 

Sn h, cf. (El): 

Sh{xi • mt) = ShiXm^-i^) = A(5g^fe(t)m^-i^ = Xi ■ {6g^h ■ m) 

for a certain A G k. Clearly Xi ■ {xi ■ mt) = Xi^tf^t- Since a G 21(F3.2) 
{xiXj + x^i+2jXi + XjX_i+2j) ■ m = -(ao + ai + 02) m -1 -i^ = 0. □ 

We give the classification of the lifting Hopf algebras of 5S(F3, 2) over 

Theorem 4.3. Let H be a lifting of ^(¥3, 2) over . 

(a) If gf ^ e for some (and thus all) i G F3, then H ~ -4^ jg]- 

(b) If gf = e for some (and thus all) i G F3, then there is a. £ 21(F3^2) 
such that H ~ Ac^a]- 

(c) /Ccja] is a [AG^[Q\^AG\a])-biGalois object for all a G 21(F3,2)- 

(d) "^G- [a] is a cocycle deformation of Ac^ih] for all a, b G 21(^3^2)- 

(e) ^G,[a] is a lifting o/*B(F3,2) overkP for all a, b G 2t(F3,2)- 

(f) AG,[a\ - AG\h\ if and only if [a] = [b]. 

Proof. Let (/> : T(F3, 2)#k'^' ^ i7 be a hfting map and M C r(F3, 2) be the 
Yetter-Drinfeld submodule generated by the quadratic relations defining the 
Nichols algebra *B(F3,2), see Proposition [XTUl Then 4>{M[g-^ gj^]) = by 
Lemma |3. II (jb]) using Lemma [2771 ffaj) and (c). Hence: 

(jaj) follows from Lemma 13.11 and Theorem 13.31 using Lemma 12.71 (jaj) . 

db]) follows from Lemma 13.11 jd]) and Theorem 13. 3[ 

dnj) follows from [Mall Theorem 2]. In fact, fix a G 21(F3,2) and let K be 
the braided Hopf subalgebra of r(F3, 2) generated by the primitive elements 

W = [xf, XiXj + X-i+2jXi + XjX-i+2j -ij ^ F3}. 
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Then K^t^ is a Hopf subalgebra of r(F3,2)#lk^. By [IV2l Lemma 28], 
we can define an algebra map ij) = ipx ® e : K^k.^ — > k where 

tpKixf) = -ai and ipxixiXj + X-i+2jXi + XjX-i+2j) = Vi, j € F3. 

If J = (VF) c K#k^, then ^ J ^ "0 = and -(/-"i ^ J = Z^- By 
Lemma 1121 ^^G,[a] 7^ and [Mal^ Theorem 2] asserts (|c]); hence ([d|) and (jej). 

^ Fix a, b G 21(F3.2)- Let (f)^ and (/)b be the hfting maps of -^c ja] and 
-^G,[b]- Let : ^G,[a] — ^ -^G,[b] be an isomorphism of Hopf algebras. Then 
(0|I5g)* induces a group automorphism 9 of G. By Lemma [3TT] (jej) and using 
the adjoint action of k*^, we see that is a rack automorphism of (F3, 2) and 
0(/*a(a^i) = fJ-ifphixoi) with fii £ k* for all i € F3. Since is a coalgebra map, 
using ([8]) we obtain that fit = n for all i S F3. Therefore a = (/x^, ^);>b. The 
proof of the converse statement is easy, recall that Inn>(F3, 2) = S3. □ 

4.2. Copointed Hopf algebras over (F;„A^). (F;,, A^) is (F4, w), (F5, 2) or 
(F7,3); TT2 : T{¥h,N) ^ ^2(Fb,iV) is the projection; Ag,o = *B(Ffe, iV)#k^. 

Definition 4.4. Let A G k and assume that z' = z'^f, j\[ G T(¥i„ N)[e] and 
Xz = Xg^^ / £1 recall (fT6]) . We define the Hopf algebra 

Ag,x = ^2{¥b, iV)#k^/(vr2(z') - A(l - Xz')) 
and the algebra /Cg,a = *B2(F;„ A^)#k'^/(7r2(z') - A). 

Next we give the classification of the liftings of 5S(Ff,, N) over k*-^. 
Theorem 4.5. Let H be a lifting of^{¥b,N) over k'-' and set z' — z'^^ ^ _-|^^ . 

(a) IfG is generated by supp ^(Ff,, A^) = {g^^ : i € F;,}, then H ~ Ag,o- 

(b) //z'G^(F^„A^)^ i/~^G,o. 

(c) // z' G T{¥b, N)[e], then H ~ Ag,x for some A G k. 

(d) JCg,x is a (Aga, AG,x)-biGalois object for all A G k. 

(e) Ag,x is a cocycle deformation of Ag,x', for all A, A' G k. 

(f) Ag,x is a lifting of *B(Fb, N) over k'^ for all A, A' G k. 

(g) Ag,x ^ Ag,i 9^ Ag,o for all A G k. 

Proof Let <p : T{¥b,N)#k'^ ^ if be a lifting map and M C r(F;„A^) be 
the Yetter-Drinfeld submodule generated by the quadratic relations defining 
Q3(Ffe,Af); see Proposition EH Then 

M = MX = M[{g,g,)-'] © M[gr^] 

by Lemma 12.71 Moreover, (j){M^) = by Lemma 13.11 (|b]) using Lemma 
12. 7[ Therefore 4> factorizes through ^2(^6, A^)#k'^ and the Yetter-Drinfeld 
module M^' generated by z' is compatible with (p. Therefore: 

^ follows from Lemma 13.11 ([d|) and Theorem 13.31 since A(7r2(z')) = 
'^2{z') (8) e + xl' ® ^2(-z') by Lemma [2.91 (jaj) follows from ^ since Xz = 
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Xq^ ^ = e by Lemma 12.91 ([b]) follows from Lemma 13.11 ([b]) and Theorem 13.31 
since 1 = dim7r2(M2/) < dimV{¥f,, N), the equality holds by Lemma |2. 91 

^ Let n = ^2{¥b,N)i^k^ and n' = 'B{¥b,N)#k^. By [AAMC^Vl 
Corollary 4.10], the projection tt : % ^ %' \s right and left coflat. Let 
w = 'K2{z')xz, then ™^ 7^ = k.[w\ by Remarks 12. 12[ Then we can apply \Gn\ 
Theorem 4] to the Yetter-Drinfeld algebra map k.[w] — > H, w w — Xxz- 
Hence JCq.x is a (^g',A) '^G,o)-biGalois object, (jej) and (jj) are a consequence 
of O. For (jgj), F : Ag,x ^ Ag,i given by F{xi) = A^/^i^s^x, and F^^g = 
id|i5G is an isomorphism of Hopf algebras. □ 

Example 4.6. There are nontrivial liftings of *B(F6, N) isomorphic to Ag,x- 
In fact, suppose that m \ ik + 1 and consider the (m, /c)-affine realization 
of ((Fb,iV), -1); note that z' G T{¥b,N)[e]. Let G' be a finite group with 
a multiplicative character XG' : G' — )■ k* such that x'g'^^ ^- Then G = 
(Ffe X Cmi) X G' acts on V{¥b, N) via (/i x g') ■ Xi = XG'{g')h ■ Xi and thus the 
(m, A;)-affine realization induces a principal YD-realization of ((Ffe, A^), —1) 
over G such that € T(Fb, A)[e] and = Xg^^ 

5. Pointed Hopf algebras over affine racks 

In this section, we prove Main Theorem 1. We stick to the notation in 
Subsection [331 Let X = (Fb,iV) be (F3,2), (F4,a;) or (F5,2), let *B(Ffe,iV) 
be the Nichols algebra associated to X and cocycle -1, see Subsection 12.51 
We compute the liftings of *B(F(,,A^) over any finite group G supporting a 
realization V G tC'^-^ °f i-^^ ~1)> ^- 9- ^'^i affine realization. The hypothesis 
of Subsection 13.31 hold for these racks. Namely, we have that: 

(1) J{y) admits an stratification as in (i23]l . The top degree relation z 
satisfies (iM]) . z also satisfies ([251) and ((26]) , see Lemmas \2.^\ 12.91 

(2) Second equation in (f27I) holds, see Lemma [221 

On the other hand, we will use [GAPj in each case to see that: 

(3) The algebras in ([33]) are non zero. 

Therefore, we can apply the Strategy in [AAMGV] described in 13.31 to cal- 
culate families of liftings using Proposition 13.71 Finally, we also have that 

(4) Equation ([28]) holds, see Lemma [2771 

Thus, we are able to compute in this way all the liftings of !B(y) over G 
using Theorem [331 Also, we present families of Galois objects of !B(l/)#IkG 
which show that these liftings are cocycle deformation of this graded algebra. 

Recall the definition of the set Sx in (|36p or (|36ip . Notice that if G is 
generated by the rack X, that is to say by the elements gi (z G, i (z X, then 
two last conditions in ([29]) . and all of ([35]) are superfluous, see Lemma [2^71 

5.1. Pointed Hopf algebras over (F3,2). The liftings of *B(F3,2) over G 
have been studied in |AG3] . Our Strategy allow us to show that they are 
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cocycle deformations of *B(F3, 2)#IkG. Let (Ai,A2) € 5(1^3^2)- Let A{Xi,X2) 
be the quotient of T(y)^kG by the ideal generated by 

?/o - Ai and yoyi + yiy2 + 2/22/0 - A2. 
Let H{Xi, A2) be the quotient of T(y)#kG by the ideal generated by 

- Ai(l - 50) and xqXi + X1X2 + X22;o - A2(l - fi-offi)- 
Theorem 5.1. Let H be a lifting o/5S(F3,2) over G. 

(a) There exist scalars (Ai, A2) € 5(]fr,,^2) siic/i i/iai i/ = H{Xi, A2). 

(b) A(Ai,A2) is a {H{Xi, X2),^{¥3,2)#kG)-biGalois object for every 

(Al, A2) G '5(iF3_2)- 

(c) H is a cocycle deformation of ^{¥3,2)^'kG. 

(d) -?/(Ai, A2) is a lifting o/*B(F3,2) over G for every (Ai, A2) G ^(pg 2)- 

(e) //(Ai,A2) = (A;,A'2) e 5(F3,2) ^/^en //(Ai,A2) = ^(A;,A'2) if and 
only if {Xi,X2) = (A;,A'2) inF^ U {(0,0)}. 

Items (a), (e) and (d) are already in |AG31 Theorem 3.8], by other means. 

Proof. Follows by Corollary 13.111 We consider the stratification of J' {¥3, 2) 
given by ^1 = {x f : ^ £^3} and 02 = {xiXj+X-i+2jXi+XjX-i+2j ■ ij G F3} 
and then we use |GAP[ IGIBNPj to see that A(Ai, A2) / 0. □ 

Remark 5.2. Theorem 15.11 includes the case G{H) ^ S3; when g^ = 1 and 
G is generated by X. The classification of all H with G{H) = S3 is in 
[XHS1IXG3] . Item (c) in this case is in [GiM] . 

5.2. Pointed Hopf algebras over (F4,a;). Let (Ai,A2,A3) G S(f^^i^y Let 
A(Ai, A2, A3) be the quotient of T{V)#kG by the ideal generated by 

yo-Ai, yoyi + yiy2 + 2/22/0 - A2 and 

(2/02/12/2)^ + [ymvof + (2/22/02/1)^ - ox - A3 

for ax = A2(2/i2/o2/22/i+2/o2/22/i2/o+2/22/i2/o2/2)-A2(A2-Ai)(2/22/i+2/i2/o+2/o2/2)- 
Let H{Xi, X2, A3) be the quotient of T{V)f^kG by the ideal generated by 

j;o - Ai(l - 5o), a^oxi + j;ij;2 + a;2a::o - A2(l - go^i) and 
j;2a;ixoa;2XiXo + xiXoa;2XiXo2;2 + xoX2XiXo2;22;i - sx - A3(l - g^gf), 
where 

sx = A2(x2XixoX2 + 2:1x0x2x1 + X0X2X1X0) - Xligogi - gogf) 

+ Afpo (53(^2X3 + X0X2) +5'lff3(x2Xl + X1X3) +5fi(xiXo + X0X3)) 

- 2Ai5o(xoX3 - X2X3 - X1X2 + XiXo) - 2Ai5r|(x2X3 - X1X3 + X0X2 - XoXi) 

- 2Aig'i(x2Xi + X1X3 + X1X2 - X0X3 + xqXi) 

+ A2Ai(5|xoX3 + 51X2x3 + 50^^1x3) + Xlgogi{x2Xi + xiXq + xoX2 - Ai) 

- A2Af (3(7^53 - 2(705? - 9o92 " 25o5i + 92 - dl + 5o) 

- A2(Ai - A2)(Ai 50(53 +5153 + 5i + 25o5i) + X2X1 + xixo + X0X2). 
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Theorem 5.3. Let H be a lifting of ^{¥4,10) overG. 

(a) There exists (Ai, A2, A3) € ^(jr^^^j) such that H = H{Xi, A2, A3). 

(b) ^(Ai,A2,A3) is a (iJ(Ai, A2, A3), *B(F4, w)#lkG)-6iG'aZois object for 
every (Ai, A2,A3) G 

(c) H is a cocycle deformation 0/ 5S(F4, a;)#lkG. 

(d) i7(Ai,A2,A3) is alifting of^{¥i,uj)4fkG for all{Xi,\2,\'i) G ^(ir^.a;)- 

(e) F(Ai,A2,A3) ^i/(A'i,A'2,A9 i/ and onZy ^/ (Ai, A2, A3) = (A;,A'2,A'3) 
in p2 U {(0,0,0)}. 

Proof. The algebras H{Xi, A2, A3) are found fohowing the strategy described 
in Subsection 13. 3i We check that the algebras A' = ^^(Ai, A2) are nonzero 
using jGAPllHBNP] . We compute 7(2), for j : ^ A' as in Remark [331 
(3), again using [GAP! K^BNPj . as explained in the Appendix. We end up 
with the liftings -ff(Ai,A2,A3) using Proposition 13.71 which states (b), (d) 
consequently (c) and (e). (a) now follows from Theorem 13.91 □ 

5.3. Pointed Hopf algebras over (F5,2). Let (Ai,A2,A3) G S(^,^^2)- Let 
^(Ai, A2, A3) be the quotient of T{V)i^kG by the ideal generated by 

^0 - yovi + y2yo + 2/32/2 + 2/12/3 - A2, (2/02/1)^ + {ywof - ax - A3, 

where ax = A2 {xixq + xqxi). 

Let H{Xi, A2, A3) be the quotient of T{V)^kG by the ideal generated by 

xl - Ai(l - gl), XQXi + X2X0 + X3X2 + 3:1x3 - A2(l - 5^051) and 

XiXQXiXo + XqXiXqXi - Sx - A3(l - 505152), 

for sx = A2 (xixo + xqXi) + Ai5t^(x3Xo + X2X3) - Ai5'^(x2X4 + X1X2) + 
^2Aigo(l -9192)- 

Theorem 5.4. Let H be a lifting of ^{¥5,2) over G. 

(a) There exists (Ai,A2,A3) G S(j^,2) such that H = if(Ai, A2, A3). 

(b) A(Ai,A2,A3) is a {H{Xi, X2, X3),^(¥5,2)#kG)-biGalois object for 
every (Ai, A2, A3) G S(^^^^^2)- 

(c) H is a cocycle deformation of ^{¥^,2)f^'kG. 

(d) H{XuX2,X3) is a lifting of ^i¥5,2)#kG for all {Xi,X2,X3)& S^^^^2)- 

(e) /i'(Ai,A2,A3) = i/(A;,A'2,A;5) if and only if {Xi, X2, X3) = (A'i,A^,A'3) 
in p2 U {(0,0,0)}. 

Proof Set z = (yo2/i)^ + {yWo? ^ A' = A^{Xi, A2), t, = g^gig2 G G. Using 
[GAPUGBNP] . the coaction of z in A' is p{z) = z (g) 1 + 1;, (g) z plus: 

A2 hohs (g) xixo + A2 hohi (g) xqXi + -A2 /112/3 ^ xi 
+ A2 /112/0 ^xi + -X2 hoys ®xq + X2 /io2/i ® xq. 

If z' = xiXq + XqXi we get p{z — X2 z') = {z — X2 z') ® 1 + t^ ® z. Thus 
7(2) = z — X2Z' and the theorem follows as Theorem 15. 3i □ 
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Appendix: on computations 

In this section we explain how we compute the left and right coactions 
of the top degree relation defining each Nichols algebra. Set %' = T-L^, 
A' = A^{X,fi), m = C{X,fi). See Subsection 13.31 for the notation. We use 
|GAPj together with the package jGBNP| to show A' ^ 0. 

Now, recall that *B(F)#kG = n'/{z) and z is an element of T{V), 
of degree i, that is z = (j){xi, . . . ,xg) for some homogeneous polynomial 
(j){Fi, . . . , Fg) of degree £ in the free algebra k(Fi, . . . , Fg). Set, by abuse of 
notation z = (j){yi, ■ ■ ■ yg) € A' . We need to compute 

(i) The coaction p{z) e A' ® 

(ii) The section 7(2;) G A' . 

(in) The coaction A(7(2:)) G £' A!. 

For item (i) we proceed as follows. We work with 40+3 variables Gi, . . . ,Gg, 
Xi, . . . , Xg, T, Hi . . . , Hg, Yi, . . . , Yg, U, V. The variables Gi and Hi stand 
for the elements gi ® 1 and 1 gi in A' ® Ti' respectively. The variables 
Xi and Yi stand for (8> 1 and 1 iS) yi, respectively. The variable T stands 
for (8) and it is included for presentation purposes. U and V are not always 
necessary, they are included to have an homogeneous system of generators. 
In most cases one of them is enough, there are cases where we can omit 
them. We fix two random rational numbers s,t, corresponding to Ai, A2. 

We define an ideal K of relations in the algebra generated by these vari- 
ables whose generators are, for every 1 < i,j < 9 and for every class C G 7^': 

YiXj — XjYi, ^iGj — GjYi, HiXj — XjHi, GiXj + Xi^jGi, 

HiYj + Yi^jHi, GiGj — Gif^jGi, HiHj — Hi^jHi, X^ , 

hc{{Xi}i^x), - t U, hc{{Yi}^^x) + s V. 

Also, all U, V, T commute with every other variable. Recall that bc{-) stands 
for a generator of the space of quadratic relations, see ([22]) . This ideal is 
homogeneous in the letters X ,Y , G, H, T, U , V if we declare all but U, V 
of degree 1, U oi degree n and V of degree 2. We compute the (truncated, 
up to degree t) Grobner basis of K. 

We define di = YiT + HiTXi, ti = HiTGi, i = 1, . . . ,6. These elements 
stand for the coaction of yi and gi in A'. We can now compute the coaction 
of any element in A' by adding and multiplying the dj's and tj's in a suitable 
way. In particular, we get p{z). We have, in the place of ®, a term T^, which 
we recognize as (8>. Also, for every appearance of U, V we consider this as 1. 

We now explain how we get 7(2) and A(7(z)) in items (ii) and (iii). Let 
p{z) — tz z = J2 ® z' be the sum of the terms Bi of greatest 

degree with Ai G tG. Re- write the i?j's in the variables Yi and consider 
zi = z — z' . We calculate p{zi) and repeat the proceeding: in the examples 
considered, the order of the elements we subtract decreases. When p{zm) — 
z ^ A' ® kG, for some m, we get that p{zm) = Zm® g{z) + 1 Cg" z and 
thus 7(2) = Zm- We find A(7(z)) in (iii) in a similar way as we did for p{z). 
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Example 5.5. Let X = (F4,w). We use [G^ ICIBNP] to see that the 
algebra A! = ^^(Ai, A2) are nonzero. A Grobner basis may be found in 
http : //www.mate .uncor . edu/~aigarcia/publicaciones .htm. 

Set z = (yoyiy2)^ + {yiy2yof + {y2yoyif e A', tz = glgl e G. Using 

[GAP! IGBNP], the coaction of z in is p{z) = z^l + t^® z plus: 

O 

A2/lo^3 ® XiXoX22;i + Mh^hih^i ® XqX2XiXq + \2hQh1 ® X2X1XQX2 

+ X2hohih3{y2 - yo) ® X2X1X0 + X2hohih3{yi - 7/2) xiXoX2 
+ X2hohih3{yo - yi) ® xqX2Xi + \2hlhi{y2. - yi) xoXiX2 
+ X2hohl{yo - ys) ® X1X2X1 + \2hlh2,{y2 - ys) ^ xqXiXq 

+ A2/ll/l3(y02/2 - yiy2 - yoyi) (X) X2Xi + 2A2Ai/li/l3 (g) 3;22;i 

+ A2/io/i3(y2yi + yiy2) ® 2;ixo + \2hoh2iy1yo + yoyi) (X) xoX2 
+ A2/io/ii(y2y3 - y2yi - 2yiy3 + yiyo + yoya) xiX2 
+ A2/io/ii(yoy2 + 2y2y3 - y2yi - yws - yoys) xqxi 
+ A2/io(y2yiyo - yiy2yi - ywoys - yoyiys) ® a;o 
+ A2/ii(yoy2yi + yoyiy2 - 2/22/12/3 - 2/1^2^3) (X) xi 

+ A2/i2(2/i2/22/3 + 2/12/02/2 - 2/02/22/3 + 2/02/12/3 - 2/02/12/0) ® a^2 
+ A2(2Ai - A2)/io^3 <^ 3;i3;o + A2(2Ai - A2)/io^2 ® 2;oX2 
+ A2(A2 - 2Ai)/io(2/3 - 2/2) 0X0 + A2/io(A22/i - A12/0) xq 
+ A2(2Ai - A2)/ii(2/o - 2/3) «) a^i - AiA2/i2(2/2 + 2/3) (X) 3^2 
+ A2/i2(2Ai - X2)yi ®X2 + \2h2iX2yo - Xiys) ® X2. 

U zi = z- \2z' + A2(A2 - \\)z" where z' = yiyoy2yi + 2/o2/22/i2/o + 2/22/i2/o2/2, 
^" = 2/22/1 + 2/12/0 + 2/02/2, we get = (g) t{z)~^ + I z. 

Thus, 'y{zt{z)~^) = zit{z)~^ . Also, 7(2;) = zi and the computation of 
A(7(-2)) — 1 (g 7(2) yields sx in Subsection 15.21 
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